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MOTION IN A PLANE

4.1 IRTRODUCTION

In the prewous two lessons you have studied concepts related to motior* in
a straight line and Newton's Laws of Motion. Certainly these are not enough
‘to describe motion in a plane. Can you describe the motion of objects
moving in a plane using the concepts discussed in these lessons? How
ever, you have also learnt to represent motion graphically in twe disoen-
sions. So we will carry forward from there and introduce certain new con-
cepts in this lesson to descnihe motion in a plane, i.e.,'motion in two di
mensions. In this lésson, you will mainly study about projectile motrony
and circular motion. We will introduce the related concepts of sngub-=-
speed, centripetal acceleration, centripetal and centrifugal force to explain
this kind of motion.

Studying this lesson will help you answer interesting questions like the
followirsg : What should the position and speed of an aircraft be so that the
food or medicine packets dropped from it reach people affected by flcods or
earthquakes? How should an athlete throw a discuss or & javelin so thgtit
covers the maximum horizontal disténce? How should roads be deslgzwed
sohat cars taking a turn arcund a curve do not go off the road? Waar
should the speed of a satellite be so that it moves in a circular orbit arowird
the earth? And meny other such questions, In the next leason you w3k
study about another law of nature discovered by Isasc Newton, nam
the universal law of gravitation.

4.2 OBJECTIVES
After studying this lesson, you should be able to,

@ define projectile motion and circular motion and give examples of both;

® derive expressions for the time of flight,. range and maximum height of a
projectile,

@ derive the equation ofthe trajectory of a projectile;

® derive expressions for velocity, andaacelemttonofapaructsmw'adar
motion;

3 define radial and tangential acceleration.
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4.3 PROJECTILE MOTION

The motion of a cricket ball hit for a six, a javelin thrown by an athlete, a
food packet dropped by an aeroplane are some common examples of pro-
jectile motion. To study their motion, we have to first define projectile
motion. So let us begin by asking : What is a projectile motion? You know
that near the surface of the earth, every object falls freely with a constant
downward acceleration of about 9.81 m s2 due to gravity. Now suppose
you throw a ball from some initial position with some initial velocity. Then
if all other effects, namely, effects of wind and friction due to air are ig-
nored, the acceleration of the ball is equal to g, the acceleration due to
gravity.

Thus, the motion of the ball is mofion with constant vertical accelera-
tion and zero horizontal acceleration. This kind of motion is called
projectile motion. In general, we define projectile motion as motion
which has constant velocity in a certain direction and constant ac-
celeration in the direction perpendicular to that of velocity.

A football hit by a child, a speeding bullet,

experience only constant vertical accelera- Vx

tion with constant horizontal velocity.

Hence they are all examples of projectile ' i i
motion (see Fig4.1). Can you think of some Vv,
more examples? h

In most such cases, the body moves with L
X

o~

an initial vertical component of velocity.
But we can also launch the body (also called
the projectile) horizontally without any Fig 4.1: Some examples of
initial upward component of velocity. projectile motion.

Having defined projectile motion, we would like to determine how high and
how far it goes and how long it remains in the air. These factors are impor-
tant if we want to launch a projectile to land at a certain target - for in-
stance, a football in the goall

4.3.1 Maximum Height, Time of Flight and Range of a
Projectile

Let us analyse projectile motion to determine its maximum height, time of
flight and range. In doing so, we will be ignoring all other effects such as
wind or air resistance. We can characterise the initial velocity of an object
in projectile motion by its vertical and horizontal components, Let us take
the positive x-axis in the horizontal direction and the positive y-axis in the
vertical direction (Fig 4.2).

Let us assume that the initial position of the projectile is at the origin 0 at
t= 0. As you know, the coordinates of the origin are x = 0, y=0. Now
suppose the projectile is launched with an initial velocity v, at an angle

8;, known as the angle of elevation, to the x-axis. Its components in the
x and y direction are,
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v, = 1, cos §, (4.1 a}
v, = ¥, sin §, (4.1 b}
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Pig 4.2 : Maximum height, time of flight and range of a projectile.
Let a and g be the horizontal and vertical components, respectively, of the
projectile’s acceleration. Then
' a,~0,a =-g=-9.81 ms? _ (4.2)
‘The negative sign for q appears as the acceleration due to gravity is in the
negative y direction in the chosen coordinate system.

Notice that a_is constant, Therefore, we can use Eqs (2.6 and 2.9 ) to write
expressions for the horizontal and vertical components of the projectile’s
velocity and position at time t. These are given by - Lo

Horizontal motion v = v,, sinced =0 T (4.3 a)
x =yt (4.3 b)

Vertical motion Y= v, gt : ) : 4.3c)
' Y = v, t-Y gt (4.3 d)

‘The vertical pbsititbﬁ and velocity components are also related through Eq
(2.10) as , ' ‘
~gy=ta(# -»~) (@3¢
You will note that the horizontal motion {given by Egs. 4.3 a and b) is .
motion with constant velocity. And the vertical motion (given by Egs. 4.3 ¢
and d) is motion with constant (downward} acceleration. The vector'sum of

the two respective components would give ua the velocity and position of
the projectile at any. instant of time. :

Now let us make use of these equations to find out the maximum height,
time of flight and range of a projectile. ' :

(x) Maximum height : As the projectile travels through the air, it
climbs upto some maximum height (k) and then begins to come down. At
the instant when the projectile is at the maximum height, the verti-
cal component of its velocity is zero. This is the instant when the pro-.
jectile stops to move upward and does not yet’ begin to move downward.
Thus, putting v, = 0 in Eqs. {4.3 ¢ and d}, we get
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L tm——=— 4.4
o g g (¢4)
Thus, the maximum height of the projectile is

) . v3 sin?6, .
Maximum height | h= ~ 29 (4.5)

Note that in our calculation we have ignored the effects of air resistance.
This is a good approximation for a projectile with a fairly low velocity.

Using Eq, (4.4) we can also determine the time for which the projectile is in
the air. This is termed the ¢time of flight.

(b) Time of flight : The time of flight of a projectile is the time
interval between the instant of its launch and the instant when it
hits the ground. The time t given by Eq. (4.4} is just the time for half the
flight of the ball. Therefore, the total time of flight is

: 2v, 8in 8
Time of flight | T =2t= ““9""5""""" (4.6)

Finally we have to find out the distance travelled horizohtally by the prb-
jectile. This is also called its range.
(c) Range : The range R of a projectile is calculated simply by multiply-
mg its time of flight by its horizontal velocity. Thus,

R = (v) (29

- (yocosa D)M

2 (23in90c0380)
Uy

Since, 2 sin 0 cos § = sin 2 9, the range is

vy 8in 20,
Range |R=———— (4.7)

You can see that the range of a projectile depends on
® its initial speed v, and
® its direction given by 0,
Now can you determine th» angle at which a disc or a javelin should be

thrown so that it covers max:mum distance horizontally? In other words,
for what angle would the range be maximum?

Clearly, R will be maximum for any speed when ain 2 8,=1lor28, =90
Thus for R to be maximum at a given speed v,, 6, = 45"
Let us determine these quantities for a part:lcula.r case.
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Example 4.1: In the centennial Olympics held at Atlanta in 1996, the gold
medallist hammer thrower threw the hammer to a distance of 19.6 m. As-
suming this to be the maximum distance, calculate the initial speed with
which the hammer was thrown. What was the maximum height of the ham-
mer? How long did it remain in the air? Ignore the height of the thrower's

“hand above the ground. '

Solution: We can ignore the height of the thrower’s hand above the ground.
Thus the launch point and the point of impact are at the same Height. We
take the origin of the coordinate axes at the launch point. Since the dis-
tance covered by the hammer is maximum, it is equal to the hammer’s
range for 6, = 45°. Thus we have from Eq (4.7].

2
Vo

= --g-~ or Ug = Rg, ty ”2 1’,Rg |
It is given that R = 19.6 m. Putting g = 9.8 ms~ we get
% = (19.6)m (9.8 ms?) =14.01ms"

The maximum height and time of flight are given by Eqs. (4.5) and (4.6),
respectively. Putting the value of v, and sin 6,in Eqs (4.5) and (4.6) we get

o (190.08)m?s7 x (4)°

2x98med  24Sm
2 x 9.842}ms'l ‘
T= ( = X % =1.43s8
9.8ms"

Now, that you have studied some co_ﬂcepté related to pmjecﬁlﬁ motion and
their application, you may like to check your understanding. Try solving
the following problems.

INTEXT QUESTIONS 4.1

1. Identify examples of projectile motion from among the following situations.
{a} An archer shoots an arrow at w target
(b) Rocks are ejected from an exploding volcane
(¢} A truck mioves on a mountainous road
(di A bomb is released from a bomber plane
(e} A boat seils in a river

---------------------------------------------------------------------------------------------------------------------------------

2. Which of the following statements about projectile motion are true?
(i The horizontal component of velacity changsa with time.
{iij The vertical component of velocity changes with time.
(ii) The range depends only on the angle of elevation. _
(ivi The time of flight depends only on initial velocity,
(v} The time of flight depends only on the vertical ‘component of initial velocity.

................................................................................. L T P T N

3. Three balls thrown at different angles reach the same meaximum height {Mig. 4.5).
(a) Are the vertical components of the initial velocity the samse for all the balls? If not,
which one has the least vertical velocity component? -
{(b) Will they ell have the same time of flight? .
{c) Which one has the greatest horizontal velocity component?

.................................................................................................................................
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t. Inthe 1968 Olympics in Mexico City, Bob Beamon broke the record for the long jump
with a jump of 8.90 m. Assume his initial speed on take off to be 9.5 ms™. How close
did he come to the maximum posaible range in the absence of air resistarice? The
value of g in Mexico city is 9.78 ma™,

............................................................................................................... LR RN A L

Although we have discussed gquite a few things about projectile motion, we
have still not answered the original question: What is the path or trajec-
ory of the projectile? So let us determine the eqation for a prajectile’s
trajéctory. ’

4.3.2 The Trajectory of a Projectile

Do you recognise the shapes of.the projectile trajectories of Figs 4.1, 4.2
and 4.37 .

It is easy to determine the equation for the path or trajectory of a projectile.
You just have to eliminate ¢ from Eqs (4.3 b} and (4.3 d} for x and y.
Substituting the value of ¢ from Eq (4.3 b} in Eq (4.3 d) we get

2
Y =v, —— - Lig 4.8
Oyvm 2 o (4.8 a)

Using Eqs (4.1 a and b), Eq {4.8a) becomes
g - x2

2(vocos8, )

This is the equation of a parabola. You will use this equation in the

terminal questions. °

Thus, if air resistance is negligible, the path of

any projectile launched with some horizon-

Y= (tan 6)) x - (4.8 b)

tal and vertical velocity is a parabola or «
portion.of a parabola. In Fig 4.3 you can see
sorne trajectories of a projectile at different angles
of elevation. ‘

Egs 4.5 to 4.7 are often handy for solving prob-
lems of projectile motion. For example, these

equations are used to calculate the launch speed
and the angle of elevation required to hit a tar-

get at a known range. But you must keep in
mind that these equations do not give us a com- « Thttectory
plete description of projectile motion. Now, let e ds: o @ projectile
us sumrmarise the important equations describing projectile motion
launched from a point (x,, y ) with a velocity v, at an angie of elevation, 0.

Equations of Projectile Motion :

a =0 a =-g (4.9 a)

v, = v, cosd v, = v, 8in 6 - gt (4.9 b)
Xx=xt+(y cos0)t y=y +(v,sin @) t-Y: gf (4.9 c)
. Trajectory,

Y= Yo+ (tand)(x—x, - —L(x - x,)* (4.9 d)
. 2(vocos6)
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Notice that these are more general than the ones discussed earlier. The
initial coordinates are left unspecified as (% y,) rather than being placed
at (0, 0). Can you derive this general equation of the projectile trajectory?
Do it before studying further?

Thus, far you have studied motion of such objects in a plane, which can be
put in the category of projectile motion. In projectile motion, the accelera-
tion is constant both in magnitude and direction. There is another kind of
two-dimensional motion of interest in which the acceleration is constant in
magnitude but not in direction. This is circular motion, which you will
now study.

4.4 CIRCULAR MOTION

The motion at constant speed of a phonograph record or a grinding wheel,
the moving hands of an ordinary clock, a vehicle turning around a traffie
roundabout can all be idealised as examples of circular motion. The move-
ment of gears, pulleys and wheels involves circular motion. The simplest
kind of circular motion is uniform circular motion. Examples are a point
on a rotating fan blade or a grinding wheel moving at constant speed. One
of the most useful applications of uniform circular motion is putting artifi-
cial satellites in circular orbits around the carth, We have benefitted im-
mensely from .he INSAT series of satellites and other artificial satellites,
haven't we? So let us first learn about uniform circular motion.

4.4.1 Uniform Circular Motion

By definition, uniform circular motion is motion with constant speed
in a circle or along a circular are.

P, v
P1
pf
Fig 4.4(a): Positions of a particle in Fig. 4.4(b): Uniform circular motion

uniform circular motion.

See Fig 4.4a. It shows the positions r, and r, of a particle in uniform
circular motion at two different times t, ‘and ¢, respectively. The word
‘uniform’ refers to constant speed. We have said that the speed of the
particle is constant. What about the particle’s velocity? To find out recall
the definition of average velocity and apply it to the points P, and P, for
uniform circular motion :
_k-n A

v, = tot At (4.10 a)
The vector Aris shown in Fig 4.4a. Now suppose you make the time inter-
val At smaller and smaller so that it approaches zero. What happens to
Ar? In particular, what is the direction of Ar? It approaches the tangent to
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the circle at the point P, as At tends to zero. Mathematically, we define the
instantaneous velocity at the point P, as

Ar dr
o= A% ar ~ar (4.10 b)
Thus, for uniform circular motion the magnitude of the velocity, i.e., its
speed is constant but the velocity vector is not constant. Can you say
why? This is because the velocity (which is tangential to the path) is changing
direction continuously-as the particle travels around the circle (Fig. 4.5b}.
Because of this change in velocity, uniform circular motion is accel-
erated motion. Our main aim in this section is to determine the accelera-
tion of a particle in uniform circular motion. This is also termed centrip-
etal acceleration for reasons you will learn in a short while.

Centripetal acceleration : Consider Fig (4.5). Let the constant
speed of the particle be v and the radius of the circle be . We have to find
the value of acceleration at an instant ¢, i.e., the instantaneous accelera-
tion of the particle. For this, we have to consider the change in the particle’s
velocity in an extremely short time interval At. In Fig (4.5a) you can see the
particle at two positions r, and r,, respectively, at instants t, and i,.The
interval At=1,-1¢ is very small The difference between these posmon
vectors is
Ar=r,-r,

=) {b) @
Fig 4.5 'Tuo positions of particle in circular motion. '
As we decrease t further, r will become smaller {Fig 4.5b). Now look at
Figs. 4.5a and b. The Velomty vectors at time t, and ¢, are now placed tail
to tail and their diffefence is
vey - 9
The angle between the position vectorsis 8 . Since the velocity vectors are
_always perpend;cular to the position vectors in circular motion, the angle
between v, and v, is also 6. Since the angles 0 in the triangles ABC and
DEF are equal they are similar. Hence, we have
DE JAC_BC
AB DF EF

Magnitudeofv Magnitudeofwv.
or Magnitudeof r - Magnitudeof r

We can rewrite this as

v
- —
r

Magnitude of = ‘:,? x (magnitude of
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Now-if Atis made very small, A0 will also be very small. Then the straight
line segment Ar will approximately coincide with the circular arc between
points A and B. Thus the arc length is simply equal to the distamce trav-
elled by the particle in an extremely small time interval Af. Therefore,
magnitude of v = v/r x (distance travelled in time Af.

~ The magnitude of the acceleration at the instant ¢ is equal to the magni-
tude of Avdivided by the time interval At, as we make At smualler and smaller
making it approach zero. Thus
_ limit magnitude of Av
a= At—0 At

_v . limit distance travelled in time At
N At—=0 At

Now the distance travelled in time At divided by the time At, (as Atis made
smaller and closer to zero)is just the speed v of the particle. Hence, we have

v
a=s —xXy
r

or a=-— (4.11a)

What is the direction of this acceleration? Study Fig. 4.5b again. For very
small At the direction of Av will be perpendicular to », and », (which will
be nearly parallel in this limiting case). Hence the instantaneous
acceleration is perpendicular to the instantaneous velocity. Since the
velocity vector is tangential to the circle, the acceleration vector points
along the radius, towards the centre of the circle, Since the acceleration
of the particle is directed towards the centre of the circle, it is calted
centripetal acceleration. Thus, whenever you see a particle moving at
constant speed vin a circle (or a circular arc) of radius r, you may be sure
that it has an acceleration directed toward the centre of the circle, of
magnitude */r. To sum up : Particle in uniform circular motion has a
centripetal acceleration given by

vﬂ v2

a=-—F, a=— (4.11b)
r r

where 7 is the unit vector directed from the centre of the circle to the
particle (Fig. 4.5c). Notice that the centripetal acceleration given by Eq.
(4.11) is changing direction continuously (Fig. 4.5¢c). Hence, uniform cir-
cular motion is not a case of motion with constant acceleration. That is
why we cannot use the kinematical equations in this case.

We will now work out an example to give you a feel for the magnitude in
real life situations.

Example 4.2: Astronauts experience high acceleration in their flights in space.
In their training at NASA in USA for such situations, they are placed in a
closed capsule which is fixed at the end of a revolving arm of radius15 m.
The capsule is whirled around:a circular path, just like we whirl a stone tied
to a string in a horizontal circle. If the arm revolves around the circle at a rate of
24 revolutions per minute, what is the centripetal acceleration of the capsule?
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Solution : The circumference of the circular path is 2rx(radius)=2nx15 m.
Since the capsule makes 24 revolutions per minute or 60 s, the time it

60
takes to go once around this circumference is 74 Therefore,
27 x15m
(60 / 24)s
The magnitude of the centripetal acceleration

2 =1
a=2o[BmT) g e

the speed of the capsule, v = =38 ms™

You may now like to work out some problems to fix these ideas in your
mind.

INTEXT QUESTIONS 4.2

1.  Inuniform circular motion, {a} Is the speed constant? (k) Is the velocity constant? (c}
Is the magnitude of the acceleration constant? (d) ls acceleration constant? Explain.

.................................................................................................................................

2.  An athlete runs around a circular track with a speed of 9.0 ms” and a centripetal
acceleration of 3 ms™® ., What is the radius of the track?

................................................................................................................................

3. The Fermi lab accelerator is one of the largest particle accelerators. In this accelera-
tor, protons are forced to travel in an evacuated tube in a circular orbit of diamete,
2.0 km at a speed nearly equal to the speed of light ¢ {99.99995% of the spead of
light). What is the centripetal acceleration of these protons? Take ~- 3 x 10® ms -

................................................................................................................................

So far you have studied about objects moving in a circle at constant speed.
But when you start moving a merry-go-round from rest, the speed of a
particle on it varies, until it acquires a constant value. What is the velocity
and acceleration of such a particle moving in a circle with variable speed?
Let us find out.

4.4.2 Non-Uniform Circular Motion

To deal with such & situation, it is useful to introduce the-concepts of
angular velocity and angular acceleration. Consider once again a particle
in circular motion (Fig. 4.5a). The particle turns by an angle A8 in time At
between the two positions r, and r, . We define the average angular speed
of the particle as

-8, A®
w m..?_...._.l..=___
av tg - tl A (412 a}

When the angle turned or the angular speed ®, changes with time, we
define instantaneous angular speed as the limit of the ratio AG/At as At is
made approach zero.

Thus,

Hmit ﬁ‘.ﬂ de
O= AP0 A "5 (4.12 b)
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So if we know 6(f), we can find ©. The units of angular speed are radian per
second (rad s*). If the angular speed of a particle is not constant, then it
has an angular acceleration. Let @, and o, be the angular speeds at tithes
t. and ¢, respectively. The average angular accsleration is defined as

@0, -0, Aw

u’n = t2 - tl =.MA—? (4' 13 a)
where A is the change in the angular speed in the time interval At. The
instantaneous angular accelsration is the limit of the rauo Am/Atas At
approaches zero.

Ao
a= AP o - dt (4.13 b)

Non-uniform circular motion is actually an exampie of motion with con-
stant angular acceleration. Let us now determine the velocity vand accel-
eration aof a particle in circular motion in terms of wand o, the angular
speed and angular acceleration. Consider Fig 4.5a once again. For very
small values of A9, the distance Ar of the particle between the points A and
B is related to 0 as follows :
Ar = rAg (4.14)
where ris the radius of the circle and it is constant.
The average speed v, is given by
Ar Ag
Vyy === =7 ——
At At .
Making At smaller so that it approaches zero and using Eqgs. {4.10 bj and
{(4.12b) we get )

- . . A
v= POA: mto-ﬁ

or = rco, {4.15)

The direction of vis of course along the tangent to the circle. To obtain the
accqleration, we first find the average acceleration, i.e.,

v, o

a,,: —
At At
and make At approach zero. Thus, using Eq. (4.13 b) we have

a=r HOH'M (4.16)
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This is the component of acceleration which arises when the particle’s speed
v is changing. The situation now is as follows: A particle is in circular:
motion such that both the magnitude and direction of its velocity are chang-
ing (Fig. 4.5a). The velocity is along the tangent to the circle but now the
acceleration has two components - one of these is along the tangent to the
circle given by Eq. (4.16) {see Figs. 4.5b and c). This component is called
the tangential acceleration.

In addition you will recall that a particle moving in a circular path has a
radial component of the acceleration given by v*/r or w’r from Eq. (4.15).
To sum up, the linear acceleration of a particie moving in a circle has two
components,

2
radial acceleration = a_= —%-r“ =gl r p (4.17 a)
tangential acceleration = a=orzi (4.17 b}

where 5 is along the tangent to the circular path and is positive by conven-
tion for anticlockwise motion. Note that @ is always present as long as
angular speed is not zero : a, is present as long as angular acceleration is
not zero,

You should, now, work out some problems to fix these ideas in Your mind,

INTEXT QUESTIONS 4.3

1. Consider a point on the edge of a rotating wheel,
(8} When the wheel rotates with constant angular velocity, does the point have a
radial acceleration? Does it have a tangential acceleration?

{b) When the wheel rotates with constant angular acceleration, does the point have a
radial acceleration? Does it have a tangential acceleration?

..................................................................................................................................

................................................................................................................................

2.  The earth's orbit about the sun is nearly circular. What is the angular speed of the
carth (taken as a particle) about the sun? What is its linear speed? What ia ita
acceleration with respect to the sun? Assume the radius of the orbit to.be 1.5 x 10" m,

----------------------------------------------------------------------------------------------------------------------------------

3. A merry-go-round of radjus 2 m. starts from rest. Its angular speed increnges at a
canstant rate of 0.1 rad s*. What tangential acceleration does a child standing at its
outer edge have? -

.................................................................................................................................

So far you have studied that an object moving in a circle is accclerating.
This acceleration has two components — one directed toward the centre of

What is the direction and magnitude of this force? Thisis whatv vill find
in the next section. Then we will apply Newton's laws of motion {¢ niform
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circular motion. This will lead us to answers about why road are banked,
or why pilots feel pressed to their seats when they fly aircrafts in vertical
loops. . :

4.5 APPLICATIONS OF UNIFORM CIRCULAR MOTION

Let us first determine the force acting on a particle that keeps it in uniform
circular motion. Consider a particle moving with constant speed vin a
circle of radius r. From Newton'’s second law, the net external force acting
on a particle is related to its acceleration by ‘

F=ma ) {4.18)
For a particle in uniform circular motion, a points toward the centre of the
circle and its magnitude is a = 1*/r. Therefore, from Eq. (4.18), the net
external force on the particle must also point toward the centre of the
circle.

F= .’!l._r)i': |j1= m:_z .
This net external force directed toward the centre of the circle with magni-
tude given by Eq. {4.19) is called the centripetal force. An important )
thing to understand and remember is that the term ‘centripetal force’
does not refer to a type of force of interaction like the force of gravi-
tation or electrical force. This term only tells us that the net force of a
certain magnitude acting on a particle in uniform circular motion is di-
rected towards the centre. It does not tell us how this force is provided.

(4.19)

Thus, the force may be provided by the gravitational attraction between
two bodies. For example, in the motion of a planet around the sun, the
centripetal force is provided by the gravitational force between the two.
Similarly, the centripetal force for a car travelling around a bend is pro-
vided by the force of friction between the road and the car’s tyres and by
banking the road. You will understand these ideas better if we apply them
to certain concrete examples.

4.5.1 Banking of Roads

Consider & car of mass m travelling with speed v on a curved section of a
highway (Fig 4.7). To keéep the car moving uniformly in the circular path,
a force must act on it. It should be directed towards the centre of the circle
and its magnitude must be equal to mi?/r. Here ris the radius of curva-
ture of the curved section.

/FN . Fun
e
®

o
Car

2 )
¥ig 4.7 : Banking of roads.
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Now the force of friction between the road and the tyres is often not enough
to keep the car in a circular path. Therefore, it is necessary to provide an
additional force so that the sum of this force and the force of friction is
equal to the centripetal force. Such a force is provided by “banking” of
road on curved sections. As a matter of fact, roads are designed to minimise
the reliance on friction. For example, when car tyres are smooth or there is
water or snow on roads, the coefficient of friction becomes negligible. Roads
are banked at curves so that cars can keep on track even when friction is
negligible.

What is banking of the road? Banking raises the outer edge of the road
above the level of the inner edge (Fig. 4.7a). The angle of banking, 6, is
adjusted for the sharpness of the curve and the maximum allowed speed.
. Let us now analyse the free body diagram for the car to obtain an expres-
sion for 6.

Let us consider the case when there is no frictional force acting between
the car tyres and the road. The forces acting on the car are the car’s weight
mg and F,, the force of normal reaction. The centripetal force is provided
hy the horizontal component of F, . Thus, resolving the force F, into its
horizontal and vertical components, we can write '

mu?

r
Since there is no vertical acceleration, the vertical component of F, is
equal to the car’s weight :

F,cos6=mg {(4.20 b)
We have two equations with two unknowns F, and 0 to determine 6, we
eliminate F, from Eqs. {4.20 a and b). Dividing Eq. (4.20 a) by Eq. {4.20 b)
we get

F, siné = (4.20 a)

2 2
tang = ™Y /r=£_
mg g
_ 7
or 6 =tan o , (4.21)

How do we interpret Eq. (4.21) for limits on v and choice of 8 ? Firstly, Eq.
(4.21) tells us that the angle of banking is independent of the mass of the
vehicle. So even large trucks and other heavy vehicles can ply on banked
roads,

Secondly, 0 should be greater for high speeds and sharp curves (i.e., for
lower values of 7). For a given 9, if the speed is less than v given by Eq.
{4.21), the car will tend to slide down the incline, i.e., move towards the
inner edge of the curved road. And if the speed is moré than v, it will tend
to slide up, i.c., move towards the outer edge of the curved road. So a
vehicle driver must drive within prescribed speed limits on curves. Other-
_wise, the vehicle will be pushed off the road and there may be-accidents. .

Usually, due to frictional forces, thereis a range of speeds on either side of
v. Vehicles can maintain a stable circular path around curves if their
speed remains within this range. To get a feel of actual numbers, consider
the design of a racetrack of radius 300m which has to allow for speeds
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upto 50 ms~'. What should the angle of banking be? You may like to
quickly use Eq. (4.21) and calculate 6.

(50ms™)?
(300m) (9.81ms™)
You may like to consider another application.

4.5.2 Aircrafts in vertical loops

On Republic Day and other shows by the Indian Air Force you may have
seen pilots flying aircrafts in vertical loops {Fig. 4.8a). In such situations,
at the bottom of the loop, the pilots feel as if they are being pressed to their
seats by a force of gravity equal to several g’s. Let us understand why this
happens. Fig. 4.8b shows the free body’ diagram for the pilot at the bot-
tom of the loop. The forces acting on him are mg and the normal force N
exerted by the seat. The net v-rtically upward force is N mg and this
provides the centripetal acceleration :

SN

Fig 4.8 : (o) Aircrafts in vertical loops (b) Free-body diagram for a pﬂoft

g:=tan™!

= tan-!

N-mg=ma=m/r
ocr N=mig+ */1)
In actual situations, v = 200 m s and r = 1500 m which gives
(200ms™)?
9.81ms~ x1500m | = M9 * 37
So the pilots feel as though force of gravity has been magnified by a factor

of 3.7 and say that they are experiencing 3.7 g force. If this force exceeds
set limits, pilots may even black out for a while and it could be dangerous.

You may now like to apply these ideas to some other situations.

N=mg|l+

INTEXT QUESTIONS 4.4
1. Aircrafts are usually banked while taking a turn when Fa
flying at a constant speed (Fig 4.8). Fa is the force /

exerted by the air on the aircraft. Explain why
aircracts are banked. Draw a freebody diegram for
this aircraft. Suppose an aircraft travelling at a speed

v= 100 ms! makes a turn at a banking angle of 30°, 280
What is the radius of curvature of the turn? Take g- I
10 ms?, mg

Calculate the maximum speed of a car which r.es a turn of radius 100 m on =

horizontal road. ‘Thie coefficient of friction between the tyres and the road is 0.90.
Take g = 10 ms™?
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3. An interesting act performed at variety shows is to swing a bucket. of water in a
vertical circle such that water does not pour out while the bucket is inverted at the
top of the circle. For this trick to be performed succeasfully, the spead of the bucket
must be larger than a certain minimum value. Determine an expreasion for the
minimum speed of the bucket at the top of the circle in terms of its radius R Calcu-
late the speed for R= 1.0 m.

.................................................................................................................................

So far you have studied about motion from the point of view of inertial
observers. Do you think we are all inertial observers? Remember that the
earth is rotating on its axis, i.e., any object on it accelerates. Thus, any
frame of reference attached to the earth is non-inertial. So for an accurate
description of phenomena occurring on the earth we need to use a non-
inertial frame of reference. You can find several examples of non-inertial
frames in your immediate environment. For example, a rotating merry-go-
round, a bus accelerating from rest, a car rounding the corner and a ball
falling freely.

4.6 NON-INERTIAL FRAMES OF REFERENCE

Suppose you are standing on a roadside observing the motion of two buses,
A and B. Bus A moves with a constant velocity and Bus B accelerates with
respect to you. Then the frames of reference attached to you and Bus A are
inertial frames of reference with respect to each other. And the frames of
reference attached to you and Bus B are non-inertial frames of reference
with respect to each other. In general, the frames of reference moving
with uniform velocity with respect to each other are inertial and
those accelerating with respect to sach other are non-inertial.

Imagine you are sitting on a bench in a park and observing these activities
going around you :

() A child sitting on a rotating merry-go-round;

(i} A ball thrown up in the air

(iil) An elderly man sitting on another bench in a park
(iv) Ayouth walking leisurely (with a low uniform speed)

Suppose you attach a frame of reterence with the child, the ball, the elderly
man and the youth mentioned in (i} to (iv). Can you identify which of these
frames are inertial and which ones non-inertial with respect to you? Clearly,
the frames of reference in (i) and (ii) are non-inertial as they are accelerat-
ing. Now that you know what is meant by a non-inertial frame of refer-
ence.

INTEXT QUESTIONS 4.5

L. A glass half filled with water is kept on a horizontal teble in a train. Will the free
surface of water remsin horizontal as the train starts?

---------------------------------------------------------------------------------------------------------------------------------

2.  When a car is driven too fast around & curve it skids outward. How would a pass=n-
fer sitting inside expluin the car's motion? ‘How would an observer standing on =
rond explain the event? '

.................................................................................................................................
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3. A tinyvirus of particle maas 6 x 10'? kg is in a water suspension in a centrifuge being
rotated at an angular speed of 2% x 10* rad &', The particle is at a distance of 4 cm
from the axis of rotation. Calculate the net centrifugal force acting on the particle.

.................................................................................................................................

4, What must the annular speed of the earth be so that the centrifugal force makes
objects fly off its surface? Take g= 10 ms™ :

v rmarenr b b BB ST EREE sy E s e R ARt e r bA AR AP A A d oA anmn At nan i NRNARE Rt r sk AR ERI eI SRt st

Let us now summarise the concepts presented in this lesson.

4.7 WHAT YOU HAVE LEARNT?

@  Projectile motion is defined as motion which has constant velocity in a certain direc:
tion and constant acceleration in a direction perpendicular to that of velocity.

a’-o a =-—-g

v, = vcos O v:" v, sin @ — gt
x=x + (v,con Ot Y= y,* (v,8in0) - % gf
: v2sin29
®  Height R=——"
g
. 2v, sind
®  Time of Flight T=—-§-—-—
' v2 sin 20
* Renge R=-CT"2
g
= g
y={tanf8,) x ~- = X2

®  Trajectory
rajectory 2(vucos 0q )
™ Circular motion, i.e., motion in a circle or along = circular arc, is uniform when the
speed of the particle is constant. A particle undergoing wriform clreular motion in
a circle of radius r at constant speed v has a centripetal accelsration given by
o2
a. = —--r“"T
where. r is the unit vector directed from the centre of the circle to the particle. The
apeed v of the particle is related to its angular upeed m by v= o

® The centripetal force acting on the particle is given by
2
my- .
F=ma, =~——r

-
¥

# A particle executing non-uniform circular motion has a centnpetal scceleration a as
weﬂasawm!mbruﬂmqgiwnbyq- ar ‘
where o is the angular acceleration and m is a unit vector, tangent to the circle.

*  Frames of reference moving with uniform velocity with respect to.each other are
tnertial and the frames accelerating with respect to each other are nervinertial,

® A body of mass m obeerved from a non-inertial frame of reference undergoing accel-
eration a is acted upon by an inertial force F given by F = -mo

®  Observed from a rotating frame of reference, a particle of mass m is acted upon by an
inertial force called the centrifugal force F. = moyY r 7 where aiathe angular
speed of the rotating frame and r the unit vector directed from the origin of the frame
to the particle, '

i A —
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Motion in a Plane

4.8 TERMINAL QUESTIONS

1.
2.

10.

11.

12.

13.

14.

Why. does a cycliat bend inward while taking a turn on a circular path?

Explain why the outer rail is raised with respect to the inner on the curved portion of
a railway track?

If a particle is having circular motion with constant speed, will its acceleration also be
constant?

A stone is thrown from the window of a bus moving on horizontal road. What path
will the stone follow whileé reaching the ground?

A hunter aims exactly at a monkey sitting on a tree. As soon as the hunter fires the
shot, the monkey jumps from the tree. Will the monkey be shot? What would hap-
pen, if the moneky had not jumped?

A string can sustain a maximum force of 100N without breaking. A mass of 1 kg is
tied to one end of the piece of string of 1m long and it is rotated in a horizontal plane.
Compute the meaximum speed with which the body can be rotated without breaking

the string?

A motorcyclist passes a curve of radius 50 m with a speed of 10 ms!. What will be the
centrepetal acceleration when turning the curve?

A bulet is fired with an initial velocity 300 mis™ at an angle of 30° with the horizontal.
At what distance from the gun will the bullet strike the ground?

The length of the second's hand of aclock is 10 em. What is the speed of the tip of this
hand?

You must have seen heroes in Hindi films jurmnping huge gaps .n horse backs and
motor cycles. In this problem conaider a daredevil motor cycle rider trying to cross a
gap at & velocity of 100 km h', (Fig 4.9) Let the angle of incline on either side be 45°,
Caleulate the wideat gap he can cross.

A shell is fired at an angle of elevation of 30° with a velocity of 500 ms™!. Calculate the
vertical and horizontal components of the velomty, the maximum height that the shell
reaches, and its range.

/[, R | -

Fig 4.9 Fig 4.10

An aeroplane drops a food packet from a height of 2000 m above the ground while in-
horizontal flight at a constant speed of 2000km L. How long does the packet take to
fall to the ground? How far ahead (horizontally) of the point of release Joes the packet
land?

A mass m moving in a circle at speed v on a frictionless table is attached to a hanging
mass M by a string through a hole in the table (Fig 4.10). Determine the speed of
masg m for which the mass M would remain at rest.

A car is rounding a curve of radius 220 m at a speed of 60 km-h-'. What is the
centrifugal force on a passenger of mass m = 85 kg?
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4.9 ANSWERS TO THE INTEXT QUESTIONS

Intext Quoltloa. 4.1

1) (&), @) (4
@ @, m

(3} {(a) Yea(b} Yea
{c) The ball with the maxamum range.

(4) Maximum Range =

vg _ (95 ms™)?

g 9.78 ms™>
Thuas, the difference is 9.23 m - 8.90

=9.23m

(3} The angular acceleration is a= 0.1
823, Thus the tangential accelerstion
of the child in
a=or=01rsds? x2m=0.2 ms?

Intext Questions 4.4

(1} This is similar to the case of banking
of roads. If the airciaft banks, thers is
a component of the force F, exerted by
the air along the radius of the circle to

provide the centripetal accalaration.

Fig. 4.11 shows the free body diagram.
The radius of curvature in

m = 0.33 m.
‘ , 2 00 ms™) 2
Intext Questions 4.2 R =[ o )
(1} (a) Yes (b) No (c] Yes (d) No gtan  \10ms “ x tan 30°
‘ The velocity and acceleration are not
constant becauss their directions are = IOJEm
changing continuoualy. =17.32m.
(2) Since
2 2 (s0om)
a= —,r=_=——_r=2?m
r &  3m Fa
2
2 (3::10”:::*1) 30
€ 3__-&
aam-——--gxid e
3 r 10x10° m
Intext Questions 4.3 mg
{1} (w} The point on the whes! has a radial
acceleration but no tangential accelernm- Fig. 411
tion: as its anguler speed is conetest.
(b) Now it has both radial and tangein- (2] The force of friction provides the osn-
tial scoslerations. (o) In cese {a) the tripetal acosleration :
magnitude of radial acceleration is con- a
stant. In cass (b} the magnivide of - F N my
dial accelsration in not constant but the o " HN T
m:hofmﬂalmxh Siioe the road is horisontal N = mg
2
{3} The sarth moves 2x rad angles in 365 '!'hunuma-mg—
days around the sun. Therefors ita . r
rngular spsed or Pepugs
‘ arv = (0.9% 10mse?x 100 mj*
on 3p rd =210 rada”!, v = 30 ms.
365 % 4 % 60 % 60n - ‘ .
Li apasd {(3) R_dutuﬂ;.tt.mahmn;thcfrubody
vewr=2%107 rad e 5 1.8 % 10 m i""'."’f“”"m""*“'”h‘@“
o i e
. 2 vide the centripetal acceleration, Atth
¥ [30%10" me™ 8 top. of the circlo, )
- B | e e— 1 =6x10"r -
L 15x10Mm 2
mg .
R
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Fig 4.12
or = Rg

Thia is the minimum value of the
bucket's speed at the top of the verti-
cal circle. For R= 1.0 m and taking
g= 10 ms? we get

v=10ma'! =3.2mal

Intext Question 4.5

)

When the train starts it has an accel-
_eration, say a. Thus the total force
acting on water in the frame of refer
ance attached to the train is
P=mg-ma

Fig 4. 13

where m is the mass of the water and
the glasa. (Fig 4.13). The surface of
the water takes up a position normal
tc F as shown.

To the passenger aitting inside, & con-
trifugel force [=m1?/7) acta an the car.
The greater v is the larger 7 would be,
To an observer standing on the road,
the car moving in a curve has a cen-
tripetal acceleration given by m#*/r.
Once again, the greater v in, the larger
rwill be.

The net centrifugal force on the par-
ticle is F' = mafr= (6 x 107'° kg) x (2 nex
10 rad #)* % (0.04 m) = 9.6 x 101N,

ANSWERS TO THE TERMINAL QUESTIONS

6.

,7-

8,
9

10 ma!

2 me?

883 10m

%/3 e, :

10. Lat us first convert the velocity to units

ofmwet,

100 - 100 x 1000 ma™!
60 x.60

T aa7.8me?

= 28 ms!
Herisontal componsnt of velocity
V, = 28 cos 45° ma!
= 19.8 ms!
. = 20 mst
Veartical componant of velocity
V=198 met
= 20 ms!
For the widest gap the trajectory would
likks the one shown in Fig. 41, The
totor aycie comes down to ita original
" height as it crosses the gap. This
means that in the time it travels the
distance R, it returns to the same height

or 0 = (20msi)t+ ¥ {-10mud) x P
or t =4,
Thus R= V. t=20ms* x 4 s
= 80 m.
Thus the widest gap is 80 m.

The vertical component of the shall’s
velacity

= (500 mx} cos 30°

= 350 3 ms*!
The horisontal component of the shall’s
velocity

= (300 ma!} ain 30°

» 230 ma! _
Maximum height of the shell

_ (so0me? J x sin? 200

2% 10ms™

- 3138 m.
Range of the shell

500ms™" )° sin 60°
( )
" 3

h = 0. Now, using the squation for y 10ma

‘component of distance = 12500 3 m.
RV tr e
——— — " a——

%
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i2.

13.

In this case the height is 2000 m. The
paciet is dropped at a horizontal speed
of 200 km h™ or (200 x 1000}/(60 x
60) m &, 55.6 ma’- To find the time of
flight we use the equation

y-y,=(y,sin@)t- 2% g
Putting ¥ — y, = ~ 2000 m (the minus
sign oceurs because the origin is taken
at the aircraft) and

6 =« 0 we get

~2000 m = % g
or ¥#=400s (g= 10 ma?%

t= 20 s.
The horizontal distance covered by the
packet is giverr by

x-x ={,cos O}t

= (55.6 ms) x 20 s.

= 1112 m.

The mass M would remain at rest if the
net external force on it iz zero. There
are two force on the mass M, Mg and
T, the tension in the string. If the
string is considered massless, T is also

14.

the tension in the string connecting m.
This provides the cent::li%etal force for
m to move in a circle. us,

T'= Mg
and T'=mt?*/r
or Mg = meA[r

The centrifugai force on the car is

m02

F -

ctat r

r

85 kg x (60,000)%
or F__ = ‘ 2 N
=at”  200m x (3600)°
- 107 N.
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