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ROTATIONAL MOTION

7.1 INTRODUCTION

So far you have studied the motion of particles under gravitational and other
forces. Did the equation of motion of the particle involve its mass? The
reason that the size of the particle does not appear in its equation of motion
is that we idealized the particles as point particleshaving only mass and no
size. Such particles are also called mass points. In real life there are no
such particles. The bodies that we have to deal with, have large number of
particles. Even a tiny marble consists of millions of particles. However, in
the previous lessons we have seen that the size of a body has not been taken
in to account. For example the size of a planet revolving around the sun has
not been considered and it was taken just a point particle.

However, when we have to study the rotation of a body, the finite size of the -
body cannot be ignored. For example, when we consider phenomena con-
nected with the rotation of the body on its own axis, we do take note of its
finite size. .
In this lesson we will study the rotational motion of bodies, so their fint
sizes become important for us.

7.2 OBJECTIVES

After studying this lesson, you should be able to,

® define a rigid body and realize that it is an idealization;

® define the centre of mass of a rigid body and recognize its importance;

® recognize that the general motion of a rigid body consists of both transla-

tional motion and rotational motior;

define moment of inertia and realize its physical significance;

state theorems of parallel and perpendicular axes and apply them;

define torque and compute the direction of rotation produced by a torque

define angular momentum and write down the equation of motion of a

rigid body;

state the principle of conservation of angular momentum and cite a few

examples in support of this principle; and ’

® calculate the velocity acquired by a rigid body at the end of its motion on
aninclined plane.
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7.3 RIGID BODY

We have noted above that point particles or point masses are idealizations.
In real life we meet systems or bodies which consist of a large number of
particles. We have also noted that when these systems interact with other
systems which are at distances very much larger compared to their sizes,
then their sizes can be ignored. Can you give two examples of such cases
where the sizes of the bodies are not importani?

But when we have to consider the rotation of a body about an axis, then the
hody has to be considered as a whole and the size of the body becomes
important.

When we consider the rotation of a system, we generally assume that during
rotation the distances between its constituent particles remain fixed. Such
a system of particles is called a rigid body. '

We define a rigid body as one in which the distances between the par-
ticles do not change as the body moves about.

The above definition implies that the shape of a rigid body is preserved dur-
ing its motion. However, like a point particle a rigid body is also an idealiza-
tion, because if we apply large pressures the distances between the particles
do change, may be by very small amounts. Therefore, in nature there is
nothing like a really rigid body. For most purposes, a solid body is a good
enough approximation to a rigid body. A cricket ball, a wooden block, a steel
disc, even the earth and the moon would all be considered as rigid bodies in
this lesson. Could a bob of plasticine be considered a rigid body?

Now, et us check what you have understood about rigid body.

INTEXT QUESTIONS 7.1

1. A frame is made of six wooden rods. The rods are attached to each other in such a
way that they cannot move. Can this system be considered a rigid body?

............................................................................................................................

2. H the distances between the particles of & body do not remain fixed as it moves
abaut, what would be the nature of paths described by the particles?

7.4 CENTRE OF MASS (C.M.) OF A RIGID BODY

Before we deal with rigid bodies con-
sisting of several particles, let us con- -

sider a much simpler case. Suppose c

we have a system of two particles of

equal masses joined by a rod which
has no mass and whose length remains z,
" fixed. Can we consider this system of 2z
two particles a rigid body? Z,
Suppose that the two particles are at

heights z and z, from a horizontal
surface (Fig 7.1). ¥ig 7.1: Two particle system.
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Suppose, further that the gravitational force is uniform in the small region
in which the two particles move about. The force on particle 1 is mg, and the
force on the other particle is also mg. The total force acting on the system is
therefore 2 mg. The problem now is to find a point somewhere in the system
so that if a force 2 mg acts at that point, the motion of the system would be
the same as with two forces, mg each, acting on the two particles.

The potential energy of particle 1 is mgz, and that of particle 2 is mgz, .
Suppose the force 2 mg acts at the point C at a height z from the horizontal
surface. Since this must be equal to the combined potential energy of the
two particles. we have

2 mgz = mgz, + mgz, {7.1)
-+ R
or z=21222 _ (7.2)

In this case the point 0 lies midway between the two particles. If the two
masses are unequal then this point will not be in the middle. If the mass of
particle 1 is m, and that of particle 2 is m, then instead of (7.1) we have

(m, + m)gz= m, gz, + m gz, (7.3)
so that
_mz+myz
£ iy ¥ my) B

The point C is called the centre of mass {CM).

Suppose that the mass of the particle is twice that of the other, find the loca-
tion of the CM.

When a body consists of several par-
ticles, then we generalize (7.4) to de-
fine its CM. If the particle with mass e Tixywa)
m, has coordinates (x,, y,, z,) with re- "t

spect to some coordinate frame, mass . Clxun)
m, has coordinates (x, ¥,, 2,), and so o - '
on (Fig 7.2), then the coordinates of Pl . x
CM are given by L7 e T
) rd
. - :
Zmi X 4
mx, 4 mpXy Fe. 4
= ™ m:"_“"_“ ...... = “imj Fig 7.2: C.M of o body consisting several particles.
z’": x'
= -t (7.5)
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Zmi Yi -

7=

Zmiz,
lM’

(7.6)

z= 1.7)

where Z’"f denotes the sum over all particles and, therefore, Z m =M

the total mass of the body. Why did we go to such length to define CM?
Recall that the rate of change of displacement is velocity, and the rate of
change of velocity is ac~eleration. If a,, denotes the acceleration of particle
1 along the x-axis, then from (7.5) we could write

Ma = ma +ma, +........ {7.8)

where a, is the acceleration of the centre of mass along the x-axis. Similar
equation can be written for accelerations along y - and z - axis. These
equations can, however, be combined into a single equation using vector
notation. Instead of (7.8) we have

Ma=m a +m,a + resseerernes (7.9)

But the product of mass and acceleration is force. m, a, is therefore the
sum of all forces acting on particle 1. Similarly, m, a, gives the net force
acting on particle 2. The right hand side is, thus, the total force acting on
the body. The forces actingon a body can be of two kinds. Some forces can
be due to sources outside the ‘body. These forces are called the external
forces. A familiar example is the force of gravity. Some other forces arise
due to the interaction among the particles of the body. These are called
internal forces. Normally in the case of a rigid body, the sum of the
internal forces is zero. Therefore, the accelerations of the individual par-
ticles of the body are due to the sum, or resultant, of the external forces. In
the light of this, we may write (7.9} in the form

Ma="F._ _ (7.10)

sum of all the external forces act-

ing on the body. The fact that the Y
motion of the CM is determined by the -
external forces and that the internal Explosion
forces have no role in this at all leads Y

to very interesting consequences. | %

You are already familiar with the mo-
tion of a body thrown at an angle to
the vertical, the motion of the projec-
tile. Do you recall what this motion is
like? '

Path of CM
AR

\

\ .
o X

Plg 7.3 : Centre of mass of a projectile
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uppose the projectile is a bomb which explodes in midair and breaks up
into several fragments. The explosion is caused by the-internal forces. There
is no change in the external force, which is the force of gravity. The centre
of mass of the projectile, therefore, continues on the parabolic path (Fig 7.3)
which the bomb would have described if it had not exploded.

Have you noticed how important is the centre of mass of a rigid bedy? More
of this importance you are going to see very soon. Letus, therefore, see how
the centre of mass of a system can be found by taking a simple example.

' Example 7.1: Suppose four masses, 1.0 kg, 2.0 kg, 3.0 kg and 4.0 kg are
- located at the corners of a square whose each side is 1.0 m. Where would be
it§ centre of mass? '

Solution: We can aiways make the
square lie in a plane. Let this plane be

the (x, ) plane. Further, let one of the N
corners fall at the origin and the sides 4 3
are the X —y axes. Then the coordi- ™% {11.0,1.0)

nates of the four masses are : m, (0,0),
m, (1.0, 0), m, (1.0, 1.0)and m, (0, 1.0)
where all distances are in metres (Fig
7.4).

0.0} {1.0,0 L
Form (7.5) and (7.6), we get, Yo 7

X_l.Ox0+2.0_x1.0+3.0x1.0+4.0x0m
B 1.0+20+30+40

Fig74
= 0.5m

_LOx0+2.0x0+3.0x1.0+4.0><1.0m
1.04+20+30+40

Y

=0.7Tm .

The CM has coordinates {0.5 m, 0.7 m) and is marked C in Fig 7.4. We
notice that the CM is not at the centre of the square although the square is
a symmetrical figure. What could be the reason Jfor the CM not being af the
centre?- .

C.M. of Some Bodies

Was it not simple to calculate the position of the CM? But unfortunately it is
true only for very simple systems. The bodies that we have to deal with
have very large number of particles and this simple method does not work.
The computation of the CM of such bodies is'a complicated affair. The fact
that the masses of all the particles of a rigid body are equal, makes things
somewhat simpler. If the body is regular in shape and possesses some
symmetry, say it is cylindrical or spherical, then the calculation is a little bit
more simplified. But even then these calculations are beyond the scope of
this unit. But keeping in mind the importance of CM, we give in Table 7.1
the position of the CM of some regular and symmetric bodies.
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Table 7.1 : Centres of Mass of some regular and symmetric bodies

Figure

Position of Centre of Masa

Triangular plate
Point of intersection of the three
medians

Regular polygon and circular plate

~ At the geometrical center of the
figure '

Cylinder and sphere
At the geometrical center of the
figure

Pyramid and cone:

On line joining vertex with center
of base and at % of the length
measired from the base.

‘Figure uith axial symmetry
Some point on the axis of symmetry

Figure usth cenler of symmetry
At the center of symmetry

Now, it is time to check your progress.

_-D{2.6}
b

INTEXT QUESTIONS 7.2 =
1. The grid shown here has particies A, B, C, D and E of (1,3)

masses 1.0 kg, 2.0 kg, 3.0 kg, 4.0 kg and 5.0 kg. Find

the centre of mass of the system. -

B(s-)—% ’
............................................. Wisudnaaraeasipnrrttdbaranannnn Ata;,:‘
_ I 4
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2. i three particles of masses m, -1kg, = 2 kg, and m, = 3 kg are situate at the =
oormsofaneqaﬂatenlmnngleofmde 1.0 metre, find the centre of maas of the
ayatem.

Py T P LS T LR R T P TR R R RY 2}

3. Show that the distences of the two particles from their centre of mass is inversely
proportional to their masses. '

............................................................................................................................

7.5 ROTATIONAL MOTION OF A RIGID BODY

You must have played a game in which you toss a ball to a friend and the
friend tosses it back to you {Fig 7.5). Play this game once again, but this time
mark some points on the surface of the ball. Notice the paih traced out by
each point. How are the paths traced by different points related to one an-
other?

7~ Y

¥ig 7.5: Motion of . ball | ¥ig 7.6: Motion of a rigid body.

If a rigid body moves in such a way that all its particles move along parallel
paths (Fig 7.6), then its motion is called translational motion. The motion of
all the partlcles being identical, the centre of mass must also be tracing out
represented by the motion of its centre of mass. We have seen that this
motion is given by (7.10),

Ma=7¥_ _
Do you now sce the advantage of defining a centre of mass of a body? With
its help the translational motion of a body can be described by an equation
similar to that of single particle. The particie here has mass equal to the
mass of the whole body. Itislocated at the centre of mass and isacted upon
by the sum of all the external forces which are acting on the rigid body.

Have you ever seen in slow motion the ball delivered by a spin bowler in the
game of cricket? If you have, ther you must have seen that the ball rotates
while moving forward. If you have not seen this, you can perform a little

‘experiment of your own. With your friend play the game of tossing the balt,
asyou did earlier. But this time give the ball a twist or spin before tossing to
your friend. Notice the movements of the points on the ball carefully. This |
time the points on the ball would undergo looping motion, something like
shown in Fig 7.7. This shows that the general motion of a rigid body is a
combination of translation and rotation. The earth also performs these two
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motions at the same time. It rotates on its axis while advancing it its orbit
round the sun.

' -\_\‘

) - L N

Nl s, o
1, =)

L]

’ SA
P
¢ 2

Vel
p

]
Fig 7.7 Fig 7.8
While the general motion of a rigid body consists of both translation and
rotation, if one point in the body is fixed, it cannot have translational mo-
tion. It can then only rotate. The most convenient point for this purpose is
the CM of the body.

You must have seen a grinding stone (the chakki). The handle of the stone
moves in a circular path. All the points on the stone also move in circular
paths round an axis passing through the centre of the stone (Fig 7.8).

The motion of a rigid body in which all the particles of the body de-
scribe circular paths is known the rotational motion.

We have noted above that the translational motion of a rigid body can be
described by an equation similar to that of a single particle. You are already
familiar with such equations. Therefore, in this lesson we concentrate only
on the rotational motion of a rigid body. The rotational motion can be ob-
tained by fixing a point of the body. For the sake of convenience this point
can be the CM. The rotation is then about an axis passing through the CM.

In the linear motion of a body that you studied in earlier iessons, the mass of
the body plays a very important role. It determines the acceleration ac-
qui 1 by the body for a given force. Is there a similar quantity for the
rota.:onal motion too? Let us find out?

7.5.1 Moment of Inertia

Let C be the centre of mass of the rigid body
. and let the body retate about an axis through
this point (Fig 7.9). Imagine a particle of
mass m, at a distance of 7, from the axis of
rotation. Let v denote the magnitude of its
velocity. Then its kinetic energy is ¥ m, v2.
Similarly the kinetic energy of another
particle of mass m, is % m, v3. If we add ]
the kinetic energjes of all the particles, then Axis of rotation.L
to the plane of the paper
we get the total energy of the body. If T
denotes the total kinetic energy of the body FIg7.9: A rigid body  ting about
then an axis.
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(7.11)

where Z mdlcates, as before, the sum over aH the particles of the body.

You have learnft in earlier lessons the relation betiween the linear velocaty
and the angylar velosity. The angular velocity is usually denoted by . What
is the relation between v and o ?

Using this relation in (7.11); we get

T= E%rn.- tn 0)? | (7.12)

Since all the particles have the same angular velocity, therefore o IS same
for all of them. This equation may be rewritten as,

1
r=—(z-m, . }»
2\ %

1., ,

=~I® (7.13)
The quantity

I=3my .. L @

is called the moment of inertia of the body.

It is important to remember that the moment of inertia is defined with
reference to the axis of rotation. Therefore, wherever we mention moment
of inertia, the axis of rotation must be specified. In the present case I isthe
moment of inertia about an axis passing through the point C (Fig 7.9).

The unit of moment of inertia is obvious from its définition. It tskg m?,
The moment of inertia of a rigid body is often written as
I= MK? | (7:15)

where Mis the total mass of the body and K is ca]lcd the tadms of gyration
of the body. The radius of gyration is that distance from the axis of
rotation where the whole mass of the body can be placed to get the
same moment of inertia which the body actually has. There is certain
advantage in writing moment of inertia in this form. If the body is- regular
and has the same properties every where (such a body is called homoge—
neous], then K can be computed from its geometry and the moment of iner-
tia can be easily calculated. Table 7.2 shows the moments of inertia of a few

regular bodies.
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Table 7.2 : Moment of Inertia of some regular bodies

Annular cylinder
(or ring) about
cylinder axis

Solid cylider
about cylinder
axis

Sclid cylinder
(or disk} about a
central diameter

Axls
Thin rod about Thin rod about
axiz through 2 axix through one
centre 1 to "& end 1 to length’
length R
1
Iwm 'mT
Solid sphere Thin spherical
about any shell about any
“diameter diameter
Houap about Hoop about any
any diameter tangent line

Look carefully at equation (7.13). Compare this with the kinetic cnergy of a
body in linear motion. What do you find? In the rotational motion the role
of mass has been taken over by the moment of inertia and the angular
velocity has replaced the linear velocity.

Physical significance of M.1.

ﬂwphysimlsign;ﬁqarweofﬂwmomerdofﬁgerﬁaisthazﬂperfomwﬂwsame
; mleinthemtaﬁonalhmﬁonﬂmthemassdoe_sinlinemmaﬁm

Just as the mass of a body resists change in its state of linearn  on, the
momentofinediar:esistsachangeinitsmtaiionalmoﬁonThispn rerty of
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the moment of inertia has been put to a great practical use. Most machines
which produce rotational motion have as one of their components a disc
which has a very large moment of inertia. Examples of such machines are
the stesm engine and the automobile engine. The disc with a large moment
of inertia is called.a fiywheel. To understand how a fiywheel works, imag-
ine that the driver of the engine wants to increase suddenly the speed.
Because of its large moment of inertia, the flywheel resists this attempt. It
allows only a gradual increase in speed. Similarly, it works against the at-

" . temnpts to suddenly reduce the speed, and allows only a slow decrease in the

speed. Thus, the flywheel, with its large moment of inertia, prevents jerky
motions and ensures a smooth ride for the passangers.

We have noted that in rotational motion the angular velocity corresponds to
the linear velocity in linear motion. Since angular acceleration (denioted usu-
ally by «f) is the rate of change of angular velocity, it must corresponds to the
linear acceleration in the linear motion. Use similar argument to show
that the angle 0 through which a body rotates corresponds to the
distance covered in linear motion.

We can now writ= down relations for the rotational motion similar to the
ones you have derived for the linear motion.

0= t+ %o P (7.16)

We have mentioned above that for the rotational motion of a rigid body its
CM is kept fixed. It is not necessary that CM be kept fixed, it is convenient
to do so. Any other point can be fixed and the body can still have rotational
motion. But now the axis of rotation will pass through this fixed point. The
moment of inertia about this axis would be different from the moment of
inertia about an axis passing through the CM. What is the relation between
these two? Let us find out.

7.5.2 Theorems of moment of inertia

There are two theorems which connect moments of inertia about various
axes. These are

(i thetheorem of parailel axes, and
(i) the theorem of perpendicular axes.

We explain below these theorems and their applications.

Suppose the given rigid body rotates about an axis passing through any
point P other than the centre of mass. The moment of inertia about this axis
can be found from a knowledge of the moment of inertia about a parallel axis
through the centre of mass. If Idenotes the required moment of inertia and
I. denotes the moment of inertia about a parallel axis through the CM, then

I=1 + M | (7.17)
where Mis the mass of the body and dis the distance between the two axes
{Fig 7.10). Thisis known as the theorem of paralle] axexs, '

The other useful theorem concerning the moment of inertial is known the
theorem of perpendicular axes. It is applicable only to plane bodies. Let
us choose three mutually perpendicular axes, two of which, say X and y are
in the plane of the body, and the third, the z axis, ‘s perpend.. Uar to the
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plane {Fig 7.1 1}. The theorem states that the sum of the moments of
inertia about axes x and y is equiil to the moment of inertia about the
z axis,

—

Fig 7.10 : Theorem of paralel axes. Fig 7.11: Theorem cf perpendicular axes.
Thus,
L=1+1 (7.18)
We illustrate the use of these theorems by the following example.

For example let us take a hoop shown in Fig 7.12. Table 7.2 shows that its
moment of inertia about the cylinder axis is MR®, where Mis its mass and P
its radius. The theorem axes tells us that
this must be equal to the sum of the mo-
mertits of inertia about two diameters which
are perpendicular to each other. Now the
symmetry of the hoop tells us that the mo-
‘ment of inertia about any diameter is the :
same as about any. other diameter. This Diametor Diameter
means that all the diameters are equiva- ; ,
lent and any two perpendicular diameters Auis
may be chosen. Since the moment of iner-

tia about each is the same, say I o (7.18)

gives

MR? = 21, Fig 7.12 : Moment of inertia of a hoop.

P Targent paratel to the axis

ahd therefore
Id = VHoMRe |

Let us now take a point P on the rim. Consider a tangent to the hoop at this
point which is parallel to the axis of the hoop. The distance between the two
axes is obviously equal to R. The moment of inertia about the tangent is
found by the application of the theorem of paralle] axes. Itis given by

L, = MR+ MR = 2MR,

It must be noted that many of the entries in Table 7.2 have been computed
using the theorems of parallel and perpendicular axes.

7.5.3 Torque and Couple

Have you cver noticed that we always open the door by applying force at a
point far from the hinges? What happens if you try to open a door by apply-
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ing force near the hinges? Carry out this little actxwty You would realize
that much more effort is needed to open the door if you apply force near the
hinges. Why is it so?

You would also have noticed that for turning a screw we use a spanner with
a long handle. What is the advantage of a long handle?

Lot us scek answers to these questions.

Suppose O is a point fixed in the body so
that body can rotate about an axis through
this point (Fig 7.13). Let a force of magni-
tude F be applied at the point B along the
line AB. If AB passes through the point O,
the force F will not be able to rotate the
body. The farther is the line AB' from O,
the greater is the ahility of the force to turn
the body about the axis through O. The

mwduﬁtha :
torque. Its magnitude is given by ~ Wig7.13: Rotation of a body.
T-Faahmﬂ (7-19) l.

The units of torque are Newton-metre, or Nm. The torque is actually a
vector quantity. The Vector form of (7.19) is

t=rxpF ' | (‘7-'20)

which gives both the magnitude and the
direction of the torque. What is the direc-
tion in which the body would tum? To find
this we notice that by the rules of vector
product (refer to lesson 1), 7 is perpendicu-
lar to the plane containing vectors rand F
(Fig 7.14). If we extend the thumb of the
right hand in the direction of 1, then the
direction of turning of the body is given by
the sense in which the fingers are curled.
Apply the above ryle and show that the turn-
ing effect of the force in Fig 7.13 is in the : R
anticlockwise direction. ¥ig 7.14 1 Right hand thumb rule

nmmmmeralhrqueaacﬁngonabodythenthenettmquencﬁngon
the body is the sum of all the torques. Do you see any correspondence’
between the role of torque in the rotational motion and the role. of force in.
the linear motion? We will see the correspondence better a little later. For
the moment suppose that there are two forces of equal magnitude acting on
the body in opposite directions (Fig 7.15). The two torques on the body have
magnitudes i
1, = (a+ HF

%, = aF.
Ths turning effects of the two torques are in the opposite directions.

— " St
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Thercfoi:é, the xiet turnmg effe;ct on the body is |
TeT, -7, =bF (7.21)
in the direction of the larger torque, which in this case is 1 -

!'!;7.15=Twaoppositeforosaaaingonubody. FigT.16 :Arigidbodymtfmgaboutonaxis,

Twe equal and opposite forces are said to form a couple whose torque
is equal to the product of one of the forces and the perpendicular
distance between them. '

There is another useful expression for torque which makes the correspon-
dence between it and force in the linear motion quite clear. Consider a ngid
body rotating about an axis through a point O. (Fig 7. 16). Obviously a par-
ticle like P is rotating about the axis in'a circle of radius r. If the circular
motion is nonuniform; then the particle experiences forces in the radial di-
rection as wellms in the tangential direction. The radial force is the familiar
centripetal force mo®r which keeps the particle in the circular path. The
tangential force is required to change the magnitude of v, which at every
instant is in the direction of the tangent to the circular path. Its magnitude
is ma, where a is the tangential acceleration, The radial force does not
produce any torque. Can You say why? The tangential force produces a
torgue of magnitude mar. Since a=ro » Where a.is the angular acceleration,
the magnitude of the torque is mPa . If we consider all the particles of the
body then K -

(Znr)

=Jo. (7.22)

The similarity between this equation and F = ma shows that 7 performs the
same role in rotational motion as F does in linear motion. A list of corre-
sponding quantities in rotational motion and linear motion is given in Table
7.3. With the help of this table, we can write down any equation for rota-
tional motion if we know its corresponding equation in Linear motion.
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Table 7.3: WMMMN Hunu-mﬂon

Rectilinear Motion Rotation about a Fimed Axis
'| Displacement x Angular displacement 0
: de
Velocity p= % Angular velocity @=—
dv . do
Acceleration a=— Angular acceleration a= 'a-
Mass M | Rotational inertia i
Force : Fuma Torque T =k
Work W=|Fd | Work W= [rdo.
Kinetic energy YaMP Kinetic energy Yalo?
Power P=Fv . Power P=10
Lincar momentum My Angular momentum Im

With the help of (7.22) we can calculate the angular acceleration produced
body by a given torque,
Example 7.2: A uniform disc of mass 1.0
kg and radius 0.1 m can rotate about an axie
roundtherim (Fig 7.17). fapullof 1.0kgis
applied to the string, find the angular accel-
eration of the disc, the angle through which
lar velocity of the disc after one second.
~ Solutien: i Rand Mdenote the radius and
mass of the disc, then according to Table
7.2, I= YaMR® .. If Pdenotes the pull then 1
= PR. Eq. (7.22) now gives
& =1t/I= PR/I= 2P/ MR
2x1.0 e g ‘ .
10%01 = 20rad / sec Mg TAT |
Fortheande 8 through which the disc rotates, we use Eq 7.17. Smcethe
initial angular velocity is zero, we have
0=%x20x1.0=10rad
For the velocity after one second, we use Eq 7.16. We have
o=ot=20x 1.0 = 20 rad/sec.
Now, let us check your progress.
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INTEXT QUESTIONS 7.3

1. Four particles, each of mass m, are fixed at the cor- " r [
ners of a square whose each =zide is of length r. Find _ P ~
themnmantofineﬂiaaboutanaxinpmdngtbmm@ Axis slong the side

one of the corners and perpendicular to the plane of Axs L%
the aquare. Calculate also the moment of inertia e plane

about an axis which is along one of the sides. Verify r r
your result by using the theorem of perpendicular

axes. ‘
............................................................................. o om ‘o

2. Findthemdiuudgymﬁmof:wﬁdcp&mifthed-httmttnthe sphere. [You
will have to use Table 7.2.)

---------------------------------------------------------------------------------------------------------------------------

3. Culculate the marent of inertia of the system shown in question number 1 of Intext
Quoﬂimu?.ﬂifthnaﬁuofmhﬁmpmthmxghOmﬂhp«pmdiQﬂnrtome
plane of the paper. From this find the moment of inertin about a pearaliel axis
through the centre of mass. :

----------------------------------------------------------------------------------------------------------------------------

4, Tanparticlu,eacbofmaummplaoedatdistmeereanhﬁumtheixiso{wtaﬁm,
as shown. _

a)  Calculate the moment of inertin of the system. \1)
........................................................................ x . >

b  Suppose the diktances of particles 4 and 9 are °
changed to 37 each. Find the moment of inertia
now and compare it with that found in {a). ]
............................................................... Ut o o r o

<} Pacticles 2 and 7 are displaced to distances 2r N .
each, and particdes 1 and 6 are displaced to dis-
tances 37 each. Calculate once agmin the mo-

ment of inertia and compare with those found in
{a) and (b).

-------------------------------------------------------------------------------------------------- FRttasdsdsetangrnrnnnrvnad

7.6 ANGULAR MOMENTUM

Have you ever seen a toy umbrella floating in air with its direction fixed and
wondered how it is able to maintain a fixed direction?

If you ean get hold of a stool which can rotate without much friction, you can
perform an interesting experiment. Ask a friend of yours to sit on the stool
with her arms folded. Make the stool rotate fast and then letit go. Ask your
&iend.tbstretchhergmsmdncﬁeeifﬂimisanychangeinthespeed of
. rotation of the stool, Ask her to fold hier anms once again and observe change
in the speed of the stool.

, Let us try tq understand why we expected a change in the speed of rotation
of the stool in the last experiment. For this consider once again a rigid body
mﬁngabmtanaﬁs,saythgaxiazthroughaﬁxedpointOinﬂxebody. All
*he points of the body describe circular paths about the axis with the cen-
tres of the paths on the axis. Consider a particle like P at a distance r, from
the axis (Fig 7.18). Hs linear velocity is rw and its momentum is therefore
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is called angular momentum, denoted by L. i 'we sum tﬁisi-produét;féxg all
the particlcs_ of the body, we pet . _

(o)

= I

Remember that the angular velocity is the
same for all the particles and the product
within brackets is the moment of inertia,
Like the linear momentum, the angular
momentum is also a vector quantity. Eq.
{7.23) gives only the component of the vec-
tor L along the axis of rotation*. It is impor-
tant to remember that I must refer to the
same axis. The units of angular momen-
tum are kg-m?/sec.

Recall now that the rate of change of @is o
and Jo = 7. Therefore, the rate of change
of angular momentum is equal to the

Fig 7.18 : A rigid body rotating
torque. Or, using the full vector notation, ~  about an cxis, '

dL do

——=t=l—=]n

= — (7.25)

which is the equation of motion ofa rotating body.

7.6.1 Conservation of angular momentum

Eq (7.24) shows that {f there is no net torque acting on the body then the
angular momentum stays constant, This is the principls of conserva-
tion of angular momentum. Along with the conservation of energy and
linear momentum, this is one of the most important principles of physics,

The principle of conservation of angular momentum allows us to angwer the
questions raised in the beginning of Section 5. In the case of the toy um-
brella the trick is to make it rotate and thereby impart it some angular
momentum. Once it is let go in air, there is'no torque acting onit. Ita
angular momentum is then constant. Since angular mementum is a vector
quantity, its constancy implies fixed direction and magnitude. Thus, the
direction of the toy umbrella remains fixed while it is in air. :

In the case of your friend on the rotating stool, when there is no torque
acting on the stool the angular momentum of the stool and the person on it
must be conserved. When the person stretches her arms, she causes the
moment of inertia of the system to increase. Eq (7.23) implies then that the
angular velocity must decrease. Similarly, when she folds her arms, the
moment of inertia of the system is decreased. This causes the angular
velocity to increase. (It might help you to look at question number 4 of
Intext Questions 7.4). When your friend stretches her arms why does the
moment of inertia of the systerm (the person andthestoal)ma-easﬁ it

Let us look at a few more exampies of the conservation of mofhe#itum Sup-

pose we have a spherical ball of mass Mand radius R, The ball is set rotating -
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by applying a terque to it. The torque is then removed. Since there is no
external torque now, whatever angular momentum the ball has acquired
must be conserved. The moment of inertia of the ball is 2/5 MR® (Table 7.2).
Therefore, it has angular momentum given by ‘

2
L= —S-MR’m (7.25)

where o is its angular velocity. Imagine now that the radius of the ball
somehow decreases. To conserve its angular momentum, the ball must
rotate faster. This is what really happens to some stars, such as those
which becomes pulsars (see Box on page 147). What would happen if the
radius of the ball were to increase suddenly?

Acrobats, skaters, divers and other sports persons make excellent use of the

principle of conservation of angular momenm to show off their feats. You
must have seen on the TV divers jumping

off the diving boards during swimming
events in national or international tour-

naments. At the time of jumping the ,

diver gives herself a slight rotation, by %
which she acquires some angular mo- ‘

mentum. When she is in air, there is @,,

no torque acting on her and therefore
her angular momentum must be con-
served. If she folds her bedy to de-
crease her moment of inertia (Fig 7.19)
her rotation must become faster. I
she unfolds herbody then her moment
of imertia increases and she must ro-
tate slower. In this way, by control-
ling the shape of her body, the diver .
is able to show off her feat before fall- Fig 7.19 : Divers jumping off the diving
ing into water. loands.

INTEXT QUESTIONS 7.4

‘1. A molecule consists of two identical atoms of mass m each and distancs d npart. This
diltmcamdnlﬁmimm-euhmml-boutmmwﬁehilhlﬂwwbaMm
_ the two atams with anguler speed o, Calculats the sngular momenturn cf the molecule.

--------------- un--uuuuununuuununn’uucnun"'uuu"uuu--u""unnr---nnunnuuun-uunn-

2. A uniform cireuler disc of mass 2.0 kg and radius 20 cm is rotated about one of its
dimmeters at an angular speed of 10 rad/sec. Find its anguler momentum mbout the

axis of rotation,

3, Awheeli.mtlﬁngatlnlnguhr.lpeodonboutitlaﬁlwhichhhptven{cd. Another
'wheeldtheumurndiulbuthalfthe:hm,i:ﬁﬁnnyatmut,ilnﬁppedunthaume
axle gently. The two wheels then rotate with the same speed. Find the common
anguler spead

4. Itinnd&.thnttheeu&:mfmmbdfmmnmmﬁnggndoud._Suppouunmetime
inﬂmputtherl:ﬁua'ofthaeuthmﬁ.sthnelitupremtradiua. ‘What was then
ita period of rotation on its own sxia?

e R L T O
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7.7 MOTION ON AN INCLINED PLANE

We have already noted that if a point in a rigid body is not fixed, then itcan
possess rotational motion as well translational motion (Remember the slow
motion picture of a spinning ball?). The general motion of a rigid body con-
sists of both these motions. As an interesting example of the combined
motion, let us consider the motion of cylindrical and spherical bodies on an
inclined plane or a slope. :

Suppose the rigid body has mass M, radius
Rand moment of inertia I It is moving down
an inclined plane of height h (Fig 7.20). At
the end of the journey it has acquired a lin-
ear velocity vand an angular velocity . We
assume that the loss of energy due to fric-
tion is small and can be neglected. The prin-
ciple of conservation of energy then implies
that the sum of the kinetic energies due to
translation and rotation must be equal to
the potential energy that the body had at
the top of the inclined plane. Therefore,

Ya M2 + YeloP = Mgh (7.26)
If there is no slipping, then v = Ra.

FigT.20: mq’ﬁﬂgﬂm::nm
1 2 1 02 ’
Then we get, EMU + —2—1 ol Mgh (7.27)

To take a simple example, let the body be a hoop. Table 7.2 shows thatits -
moment of inertia about its own axisis MR®. Eq. {7.27) then gives that o

u=,[g71 ) | '_"'(7.287
Do.you notice any thing interesting in this equation? The linear velocity~
has turned out to be independent of the mass and the radius of the

hoop. 8o, a hoop of any material and any radius rofls with the sarme
speed on the inclined plane.

7.5 INTEXT QUESTIONS

1. Aasolid sphere rolls down & slope without alipping. What will be its velocity in terma of
the height of the slope? o .

-----------------------------------------------------------------------------------------------------

2. A solid cylinder rolls down an inclined plane witnout slipping. What fraction of its
kinetic energy is translational? What is the magnitude of its velocity after falling
through a height A? o

L il L L LTI Ly TT S T RPN S

3. A uniform sphere of mass'2 kg and radius 10 cm is released from rest on an inclined
plane which makes 30° angle with the horizontal. Deduce its (a) angular accleration,
(b} linear accleration along the plane, and (¢) kinetic energy as it travels 2 m along the
plane,
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SECRET OF PULSARS

An interesting example of the conservation of angular momentum is provided by
stars. You must have heard of pulsars. These are stars which send towards us
pulses of radiation: of great intensity. The pulses are periodic and the periodicity
is extremely precige. The time periods range between a few milliseconds to a
few seconds. It is believed that such short time periods show that the stars are
rotating very fast. Most of the matter of these stars is in the form of neutrons.
The neutrons, a8 you might be knowing, along with the protons are the building
blocks of the atomic nuclei. These stars are called neutron stars. These stars
represent the last sfage in the life of some stars. The zecret of their fast
rotation is their tiny size. The radius of a typical neutron star is only 10 km.
Compare this with the radius of the sun, which iz about 7 x 10* km. The sun
rotates on its axis with a period of about 25 days. Imagine that the sun sud-
denly shrinks to the size of a neutron star without any change in itz mass. You
can show that in order to conserve its angular momentum the sun has to rotate
with a period as short as the fraction of a millisecond,

7.8 WHAT YOU HAVE LEARNT

® A rigid body has rotational as well as translational motion

®  The equation of translational motion may be written in the same form as for a single
particle

®  If a point in the rigid body is fixed then it can only rotate

’ 2
®  The moment of inertia about an axis of rotation is defined as Xm, i

The moment of inertia plays the same role in rotational motion as the mass does i
linear motion ‘

®  That the turning effect of a force T on a rigid body is given by the torque T- *x 7F

® Two equal and opposite forces constitute a couple, the magnitude of whose turmng

: effect is equal to the product of one of the forces and the Aiat,_ -« betWeen the

forces

®  The application of an extérnal torque changes the angular momentum of the body

L Ifthesurnofallexterna]torquuiazerdthentheanglﬂarmomentumofthebody
remeins constant ‘

®  When a cylindrical or a spherical body rolls down an inclined plane without slipping,
its speed is independent of its mass and radius.

7.9 TERMINAL QUESTIONS

1. The weight Mg of a body is shown generally aa acting at the centre of mass of the
body. Does this mean that the earth does not attract other particles?

2. Is it possible for the centre of mass of a body to lie outside the body? Give two
examvles .o justify your answer?

3. Manuals for car-engine requifes"always specify the torque to be when tightening the
cylinder head bolts. Ia it the right thing to. do? Justify your answer.

4. In amolecule of carbon monoxide (CO} the nuclei of the two atoms are 1.13 x 10° ¢
apart. Find the location of the centre of mass of the malecule.

5. A g;mdxng wheel of mass 5.0 kg and diameter 0.20 m is rotating with an angular
velocity of 490 rad/sec. Find its ldnetic energy. Through what distance would it have
te drop in free fall to acquire this kinetic energy?

.6.  Two identical spheres, each of mass 1.0 kg and radius 0.10 m, are attached at the
end of amassless rod. The distance between the two balls is 0.50 m. * Calculate the
moment of i~ertia of the gystem about an axis passing through the midpoint of the
rod and perr - *icular to it. ‘

7. A wheel of di. ..ieter 1.0 m in rotating about a fixed axis with an initial angular velocity
of 2 rev’sec. The angular acceleration is 3 rev/sec?.
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10.

11.

12,

13.

Compute the angular velocity after 2 seconds,

Through what angle has the wheel turned in this time?

What is the tangential velocity of & point on the rim of the wheel at t = 2 sec?
What is the resultant acceleration of a point on the rim of the whesl at t= 2 sec?

A whesl rotating at an angular speed of 20 rad/sec is brought to rest by a constant
torque in 4.0 aeconds. If the moment of inertia of the wheel about the axis of rotation
is 0.20 kg-m?, find the-work done by the torque in the first two seconda.

Two wheels are mounted on the same axle. Wheel A has mament of inertia 5 x 103
kg-m® and wheel B has moment of inertia 0.2 kg-m?, Wheel A ix set apinning at 600
rev/min, while wheel B is stationary. A clutch now acts to join A and B so that they
must spin together. _ i

At what speed will they rotate?

Suppose the clutch acts gradually, Will the end result be the same as though they
were joined suddenly? (Neglect any friction at the bearinga).

How does the rotational kinetic energy-before joining compare with the kinetic en-
ergy after joining?

What torque doe= the clutch deliver if A makes 10 revolutions during the operation of
the dutch?

A solid sphere of mass m rolls dawnallapewithoutal_i'pping. Show that the force of
friction acting on it is (2/7) mg sin: 6, where 8 is the inclination of the slope.

You are given two identically looking spheres and told that one of them is hollow.
Suggest 8 method to detect the hollow one.

The moment of inertia of a wheel is 1000 kg-m?®. Its rotation is uniformly accelerated,
At some instant of time its mngular velocity is 10 rad/sec. After the wheel has ro-
tated through an angle of 100 radians, the angular velocity of the wheel becomes 100
rad/sec. Calculate the torque applied to the wheel and the change in its kinetic
energy.

A disc of radius 10 cm and mass 1 kg is rotating about its own axis. It is acceleratsd
uniformly from rest. During the first second it rotates through 2.5 radians, Find
the angle rotated during the next second. What is the magnitude .of the torqgue
acting on the disc?

+

ANSWERS TO THE INTEXT QUESTIONS

Intext Questions 7.1 Y
1. Yes.
Intext Questions 7.2
1. The coordinates of given five masses are : 3k9
A(2,-2),BS5,-1),C (7,3, D (2, 6) and &
E (0, 3] and their masses are 1 kg, 2 kg, ~ 1
3 kg, 4 kg and 5 kg respectively. m
Henee, coordinates of centre of mass of im
the gystem are 0" 1kg 2kg X
_2x1+5x2+7x3+2x4+0x5 Hmu’cm.ofm'
1+42+3+445 1x0+2x1+3x.5 35
37 x= 1+2+3 e ™
-Et2.47and
1x0+2x0+3x(£[2)
Bx 1+ (-1} Xx2+3x3+6x44+3x5 ¥y - 1+2:3
- 1+
1+243+44+5 *
44 J’s‘ * T
— =297 e
15 _
2. Let the three particle system is as shown 35 B
in P | Centre of Mass is | ~c™» —~
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Intext Questions 7.3

1. Moment of inertia of the system about
an axis perpendicular to the plane
passing point P,
=mP +m(2r) + mP = 4 mR
M.I. about the axis along the side
=mr+me =2 mP

2. M.I. of a =olid sphere about an axis
tangential to the sphere

TMR"
o .

Which should he equal to MK?

7
e
5

7
or Radius of gyration K - RJ";
3. M.1. of the system about an axis
petpendicular to, the plane and passing
through O iz ‘
= 1x0A+2x0OB*+3x0C*+4x0? +5x0R?
= 1%8+2%26+3x 5844 x40+5%9
= 439 kg m?, .
_% (&) M.1. of the systern ~ 10 my?
(b) M.L = 26 mr
(€} M.L = 30 ms*
Intext Questions 7.4
1. Angular momentum .

a?  g?
eiM—+m— @
. 4 4
md e
2
2. Angular momentum about an axis of
rotation {diametery.
2

r
L=Jw=m— x @
4

(2)°

=2x - x10=02kgm
4

L=

‘3. Accord: g to conservation of angular
momentum

= + L) o]
m
mR o = (mrz +—2-r2) ‘”?
3
— 2
R = 5 o;

’

 Common angular speed oy = m,jz /3

4. Let the present period of revolution of
earth is T. According to the conservation
of angular momentum,

2
2 w25 RY x (3”—]
5 Ty

2
ESVPCIN k-
5 T

tgives, T3 <6257 -7 =25T
Thus, period of revolution of earth in the *
past is T, = 2.5 times the present time
period.

Intext Questions 7.5
1. Using equation 7.27, for a salid sphere

1 2 1 zmﬁ 2

MR - ox .~ =mgh.

2 2 5 P27
10

It gives v~ ?.gh

mR?
2. For a solid cylinder, I = —2—‘—

- Total K E
1 1 mr? 47 3
= —mv"’+—'—~.—'2——“mﬁ
2 2 2 R 4

3. Linear acceleration along the plane

. 1
g sin@ _ 9.85(5 4
a=1+K2 T = 1.2 = 3.5 ms™?,
/R 5
-
2
-~ for sphere K? = —r?
5
a 35
Angular acceleration =—"‘B“-1-

Gain in K.E. = loss in P.E. in vertical
descent h (=1 sin @)

=-Mglsinﬂ=-2’(9.8x2x';‘.-=19.ﬁd.
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